
Relation between anyone
&

ground state degeneracy
in Tom  code

Algebra of loop operators on torus :

-

The following four operators commute with the

Hamiltonian

It
=

- Its 2- FIX
Toric
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⇐
it: = f¥F#¥

else K

This operator creates a pair  of electric changes , drags

them around the non - contractible cycle In and

annihilates them
.

②22=152Analogous to 2n
.

but along y - dirahon

③ x :*:

¥'=HF¥¥

This operator creates
a pair  of

Matarese
, dragsthan around In and annihilates them

.
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Next
, we notice

.
that by construction

Xs 22 =  - Zz X
I

Xz Zee =
 - Is Xz

All other pair  of operators commute
.

a

These commutation  relations imply ground
state

degeneracy on torus
.

. A fast
way

to

See two sis that since these operators commute

with Ham
,

their action  on a ground state

does not take one out  of the ground state

manifold
.

Since there are two pair of

Anti commuting Pauls 's
,

the ground state

manifold is equivalent to two spin - Hz S
.

⇒ ground state
degeneracy = 2×2=4

.



More formally ,
Consider a ground state with

definite value of 2e
, , 22

, Say 2,1--1,22=1 .

Let's denote this as 11,17
.

Consider

the following states :

11
,

I >
, Xz 11

,
I >

,
Xz 11 ,

I >
,

X 1×212,17
.

.

The state Xy 11,27 has 22=-1 ,

2y=1and B therefore orthogonal to 11,27
.

To see

this
, notice L 2,11 Xz Zz X s I I

, I >

=
 - LI , 21 Zz I 2

, I > =  
- 1 .

following this same reasoning for  other States :

Xz 11
, I > = 11

,
- I >

Xz II
, I ) = I - I

, I >

Xix 211 , s ) = I - I
,

- I >
.

Thus
. we obtain four orthogonal ground

States
.



The most crucial thing to  woke B that

these ground states differ from each other

Only in the expectation value of non - local

operators C such as 2
, , Zz ) .

for all local

Operators Lie . operators whose support does

not scale with the system size )
,

{ Yn I 8 I Ym > = O Snm

where { lyn > } is the set of ground States

And O B a number independent of n
. m

-

That  B
, locally all ground States look

identical
.

Relation to tango us :

-

Interestingly .

the commutation relations of  non-local

Operators Xi , Xz ,
2 , , Zz discussed above are

directly related to the braid statistics of

Eg M particles .

To see this
,

we write



X z Zz X It 251 =  - 11

Within a space - time picture ,

the LHS has

the following pictorial representation :
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of braiding e and

we particles
.

The - I sign on the RHS is

precisely the
statement that e particle picks up a

- I sign when transported around
an

m particle
.

This
, argon statics implies ground state

degeneracy on torus
.



This is a general result
,

there is a

one - to - one correspondence between types

of quasi particles and ground state degeneracy

on a torus for 2b topological phases .

In 2B toric codes there are four

quasi particles ,
It Cidenti .ly/raceum)

,
e

,

M g em
, and

corresponding four ground
States on a torus

.

-



Odd Ising Gauge Theory
-

-

Consider H =  
- § 1152 with the

constraint IIX =  -I
. Equivalently ,

one

1-

Can consider Thorn code with the opposite

sign of TIX term than what we considered

earlier : H =  -

§ III t FIX .

This is called an

'
odd Ising gauge theory

':

there are an odd number of Zz electro

changes L static ) on each Site
.

One can add an electric field term to

make the Hamiltonian
more general :

H =  -

ED lot 22 - LEX

with TIX =  - I
.



Let's consider two limits
.

h 371 : In this limit we don't expect
-

-

Any topological order Since creating
"

charges

cost string tension .
In the usual C even )

Zz guage theory .

the ground state in this

limit was trivial : all spins point along
+ I direction

.
But now

. this is not Possible

due to the constraint IIX = - I
. When

h > > I
,

this constraint implies that at
every

Vertex
,

one bond will hate spin along - I
,

And other three
along tic

.

There
are

exponentially many such configurations on

a square lattice
.
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Perturbing with §jT2 term
.

one can prove

that configurations that took like

ur me

-

EHEEEEFE.tt#EkHif
are the ground States

. They the ground States
break translational Sym .

¥ : Lets set hzo
. Similar to toric

code
,

the ground state is :

1%7 = It [ I - IIX ] 12=17.
lets put the system on a cylinder , So

that one can construct an orthogonal
ground state -

- 1017 a TXtoo )
I

= Xz too >

t.t.EE#Es::ii:.:.::..:::nIT 2 , along the Coney)

non - contractible cycle  of the cylinders
.



One interesting consequence of the oddness

of the
garage theory is that too )

, lots >

have different momentum when Ly is

odd . To see this
,

lets apply the

translation operator T on lots > :

T lol
, > = T Xz too >

= T X
z

Tt  

T too >

The translation of operator Xz by
one lattice

spacing is implement by
acting with IT TIX on all vortices along+

the vertical line where Xz B located :

Keftp./ITkTt--Xz=IIxxa* E-Be##
=

 ← 52×2
⇒ Tlds > =  f) Y Tito >

⇒ too )
,

lol
, ) have different mom . when Ly odd .



Mapping to fully frustrated Tsing
model on square

lattice

2 Define

Xos = Jos

SI
s

}d a Xoz = JozSTSZ4¥Xo 3
= Jos SZ SZ# c d

5 6
Xo ¢

= To 4 Ed SZA

FIX = ToJi ;
=  - I

Similarly DITZ = 25 26 2
> 2g = S×e

.

One can verify that commutation relations between
S ×

, 52
are satisfied .

⇒
- § Iz - Ex with TIX = ¥

= - E s× - E Jijsisj
with ITS = - I

.
This is called

a fully frustrated Tsing model .


